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Numerical Study of Flowfields
About Asymmetric External Conical Corners

Manuel D. Salas*
NASA Langley Research Center, Hampton, Virginia

A numerical study of the flowfield about asymmetrical external axial corners formed by the juncture of swept
compressive wedges is presented. The geometrical configuration allows a unified treatment of external corners
typical of delta wings and rectangular inlets. The study investigates how the flow transitions from a symmetrical
flowfield with a cross-flow stagnation point at the corner to an asymmetrical flowfield for which the flow spills
over the corner. The effects of leading-edge sweep, wedge compression, and corner radius are investigated.

Introduction

HIS paper is the third and last report on a comprehensive

study of flowfields about external conical corners. The
corners considered are formed by the intersection of two
compressive wedges. One of these wedges rests on the xz plane
(see Fig. 1) and is defined in terms of a compression angle §,
and a leading-edge sweep angle A;. The other wedge rests on a
plane that is inclined Q deg measured clockwise from the yz
plane and is defined in terms of a compression angle 6, and a
leading-edge sweep angle A,. Through variations of these
defining parameters, we can construct several configurations
representative of geometric features found on high-speed
aircraft, such as engine inlets, control surfaces, and delta
wings. As simplifying assumptions, the wedges are considered
to be infinite in extent and the freestream Mach number is
assumed to be sufficiently high to support attached leading-
edge shock waves. The resulting inviscid supersonic flowfield
is thus conically self-similar with the conical origin at point 0
of Fig. 1. The region of interest is the region inside the Mach
conoid emanating from the apex of the corner. This region is
best studied by projecting the flowfield onto the surface of a
unit sphere centered at the conical origin. The projection of
the velocity vector onto this surface defines the cross-flow
velocity vector and the cross-flow streamlines. The charac-
teristic topological features of conical flows are revealed by
these projections on the unit sphere. It is, however, more
convenient to draw these vectors and curves on a plane sur-
face; thus the results obtained on the unit sphere will be
described after projection onto an xy plane. The boundaries
defining the region are the two wedge surfaces, the bow shock
wave, and the two cross-flow sonic lines, as shown in Fig. 2.
QOutboard of the cross-flow sonic lines, the flow is the known
two-dimensional wedge flow corresponding to effective wedge
angles §, , =arctan (tand, ,/cosA, ,).

In the first paper! on this study, the structure of the flow
was investigated from a theoretical point of view. In it the
distinction was made between flowfields where the corner is a
cross-flow stagnation point and flowfields where the flow
spills over the corner. When the corner is a cross-flow
stagnation point and the flow about the corner is symmetrical,
a solution of the conical potential equation valid in a small
neighborhood of the corner revealed that, for an external
angle ® (Fig. 1) less than 240 deg, the corner is a nodal point
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of streamlines. For external angles greater than 240 deg, the
pressure distribution exhibits a weak singularity at the corner
and the corner becomes a saddle point of streamlines with a
nodal point of streamlines appearing on each wedge surface.
This structure, with a node or saddle point of streamlines at
the corner, which was labeled ‘‘symmetrical’’ in Ref. 1, may
persist if the flow is only slightly asymmetrical.?2 For the
spillover configuration, a set of equations valid at the corner
was obtained which showed that the cross-flow experiences a
rapid acceleration as it reaches the corner, attaining sonic
conditions at the corner and then undergoing a conical analog
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of Prandtl-Meyer flow. This local analysis, however, gave no
information on the size of the supersonic cross-flow bubble
that forms at the corner. In the present study, we find that for
the cases considered the cross flow becomes supersonic only in
the immediate vicinity of the corner, with little effect away
from the corner.

In the second paper® a numerical study of symmetrical
configurations was conducted which confirmed the
theoretical predictions of Ref. 1. In addition, a study of the
effect of rounding the corner indicated that a nodal point of
streamlines could be maintained at the corner, even for ex-
ternal angles greater than 240 deg, by increasing the corner
radius ry. :

The pertinent literature has been reviewed in Refs. 1 and 3,
and the interested reader is asked to consult these references.

In the present paper, asymmetrical configurations are
investigated numerically. Of particular interest is the behavior
of the flow as the configuration becomes more asymmetrical
and the flow transitions from the stagnation corner to the
spillover corner. Of the governing parameters y, M,,, 1, A, 5,
8,,, and ry, the first two, the adiabatic exponent and the
freestream Mach number, have a quantitative rather than a
qualitative effect on the flowfield, particularly as M, —oo.
For the present study, the values of v and M, will be 1.4 and
3, respectively. These are the same values used in Ref. 3. The
effect of {2 on the flow is directly related to changes in the
external angle ®; and, as has already been mentioned, this
determines the existence of a nodal or saddle point of
streamlines when the cross flow stagnates at the corner. Since
the effect of Q was studied in detail in Ref. 3, we will limit our
parametric studies here to the effects of the leading-edge
sweep, the compression angle, and the radius of curvature of
the corner.

Singular Points of Conical Streamlines

The equation describing the trajectories of cross-flow
streamlines on the unit sphere is

df wvsinf

o= w 1)

¢ w
where v and w are the velocity components in the 8 and ¢
directions, respectively. A conical stagnation point (8,.¢,)
where v and w vanish is a singular point of Eq. (1). The
theoretical formulation leading to the study of these
singularities was initiated by Poincaré in his 1885 work on the
equilibrium of a fluid in rotational motion.* Poincaré’s
analysis was applied to conical flows in Refs. 5-7. In this
section, we will briefly review this work in order to develop
the background necessary to understand the numerical results
that will be presented later.

After taking into consideration the conical nature of the

problem, the governing equations of motion on the unit
sphere are
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Here u is the velocity component in the radial direction, P is
the natural logarithm of pressure, S is the entropy, and a is the
speed of sound. The equations are written in their unsteady
form for later reference; for the present analysis only the
steady-state part is important. If we assume that the pressure
is well behaved near a cross-flow stagnation point, we find
that

Vg +w,/sind+2u=0 @)
Py=0 8
Py=0 9

There are, however, pathological cases where the pressure is
singular at the stagnation point (e.g., see Refs. 1 and 3), but
these will not be considered.

Additional relations are obtained by differentiating the
three momentum equations with respect to ¢ and ¢. After
some manipulation, we find

(ﬁ"’-—wo)(vﬁﬂw):o (10)
siné sinf
Mely _ M) =
< sinf sinf Uy =0 an
Moby M) =
( sinf sinf Uy =0 (12)

The derivation of Egs. (11) and (12) does not require that u be
analytic at the stagnation point, but only that térms of order
Ullgy, Wy, and the like vanish there. In view of Eq. (7) we
can conclude, using Eq. (10), that

v,/sinf=w, 13)

Using Egs. (7) and (13), the term in parentheses in Egs. (11)
and (12) may be written in the form (w}+ (v, +u)? —u?).
Thus, at a cross-flow stagnation point, ¥, and u, must vanish,
with a possible exception along the locus of points where

wi+ (vg+u)?—u?=0 (14)

We will come back to the significance of this relation shortly.

The nature of the singularity of Eq. (1) at a stagnation point
(8,,%,) can be investigated by expanding the right-hand side
of this equation in a Taylor series expansion about point
(6,.9,). From this it follows>S that the nature of the
singularity depends on the roots K, , of the characteristic
equation

K2+hK+g=0 (15)
where ‘
h=2u (16)
and
g=~(wi+ (vy+u)?—u?) an

It is easy to show that
h? ~4g=(v,—w,/sinb)? + (v, /sinf+ w,)? (18)

and since this term is the sum of square terms, the analysis
predicts only nodal (g>0) and saddle (g<0) points of
streamlines. Within the restrictions of the derivation of Egs.
(11) and (12), the vorticity vector { at a cross-flow stagnation
point, :

§'=(w,,—v¢/sin0)F+(u¢/sin0)é—u0$ 19
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must vanish, with a possible exception along the locus of
points where Eq. (14) is satisfied. In addition to the nodal-
and saddle-point singularities predicted by this analysis, other
types of singularities of cross-flow streamlines, such as focal
points, have been suggested in the literature (e.g., Ref. 8), but
these involve unbounded w’s that are not consistent with the
total energy of the flow being bounded; hence these
singularities are not considered in the analysis.

The nature of the singularity at a cross-flow stagnation
point may also be examined by considering the isobar pattern
at the stagnation point. When this analysis is performed, ' we
find that the characteristic equation for the isobars is

R2 4+ (PgyPyy — Py) /5in20=0 (20)

The roots K, , of this equation depend on the sign of the
determinant of the Hessian matrix,

A= (PyPgy, —Ply) /sin?0 @1

introduced in Ref. 1.t From the previous discussion, it
follows that, if the Hessian is positive, the isobars form a
center point of pressure corresponding to a saddle point of
streamlines; if the Hessian is negative, the isobars form a
saddle point of pressure corresponding to a nodal point of
streamlines. By differentiating the two cross-flow momentum
equations with respect to # and ¢, the Hessian may be written
in the form !

A=(yM?Y?[? + (§+ 1)Np? + (£+1)2 = 1] (22)

where M is the radial component of Mach number at the
stagnation point and

n=w,/u 23)
E=v,/u 4)

are evaluated at the stagnation point. Equation (22) indicates
that all nodal points must lie inside a circle of unit radius
centered about the point =0, £= ~1 in the 5, £ plane. All
saddle points lie outside this circle. Points on the circle are
known as critical or bifurcation points, because they signal
major structural changes in the flow. The circle corresponds
to the locus of points satisfying Eq. (14), where u, and u,
might not vanish. The nature of the singularity on the circle is
of a higher order than those investigated here.

Equation (22) may be further simplified by introducing the
variables R, w such that

£+1=VRcosw (25)
n=VRsinw (26)

The Hessian then is given by
A= (yM?)?R(R-1) 27N

If the singularity occurs on the surface of the wedge, then
the vanishing of the normal velocity component on the wedge
requires that

w a9,

28)

"~ sinf qu (28)

where 0, =0_(¢) defines the intersection of the wedge with
the unit sphere. If we differentiate this equation along the
trace of the wedge surface on the unit sphere and evaluate the

+The sin’0 term was missing in the definition of A given in Ref. 1;
therefore Eq. (9) of Ref. 1 should not have a factor of sin’f on the
right-hand side.

FLOWFIELDS ABOUT ASYMMETRIC EXTERNAL CONICAL CORNERS 1663

resulting expression at a cross-flow stagnation point, we find
that

(0 +m 5
w PRt
+|v ST 9., 0 29
12} —_ —_— =
A sinf 3o (29)

Using Egs. (7), (13), (23), and (24), we get

=2 %,

sinf d¢
tanw= ———— (30)

( 1 a9, )
sinf 0¢
which defines w in terms of the wall geometry. The angle w

defines the orientation of the principal axes of the
singularity.®

Numerical Formulation

The numerical solution to the present problem follows
along the lines of the method used in Ref. 3. The time-
dependent Euler equations, (2-6), are written in the com-
putational space (X, Y, T) defined by

®%(Y) —
= % 31
N =e,(D) 6D
6-6,(X) -
osk (X, T) _Bw (X) ( )
T=t (33)

where 0,, (X) defines the location of the wall; ¢/4? (Y) defines
the location of the cross-flow sonic lines, with superscripts 1,
2 referring to wedges 6,, 0,, respectively; and 0, (X, T)
defines the location of the bow shock, which must be obtained
as part of the solution. Limiting the computational domain to
the region inboard of the cross-flow sonic lines has the ad-
vantage of concentrating mesh points in the region of interest
(the flow outboard of the cross-flow sonic lines is known) and
avoiding differentiation across the cross-flow sonic lines,
where the flow variables are weakly singular. An even
distribution of grid points in the computation plane XY
results in the grid shown in Fig. 2.

The solution to the governing equations in the X Y7 space is
obtained by integrating the equations in time using the
MacCormack finite difference scheme until a steady state is
reached.

As in Ref. 3, the radial momentum [Eq. (5)] was replaced
by Bernoulli’s equation and the integration of the entropy
equation [Eq. (6)] was performed using windward dif-
ferences® only. At a cross-flow stagnation pomt the entropy
equation degenerates to the form

S;=0 (34)

This equation presented no particular problems at nodal
points, but at saddle points, the value of the entropy on the
body had to be extrapolated from the flowfield. The bow
shock wave was computed as a discontinuity satisfying the
Rankine-Hugoniot equations, using the procedure described
in Ref. 3.

The inherent asymmetry in the MacCormack scheme was
found to be a cause of errors. The asymmetry comes about
because, in the predictor level of the scheme, the X derivatives
of a point next to the cross-flow sonic line on wedge &, are
computed using the values on the sonic line; for the point next
to the cross-flow sonic line on wedge 8,, the values used are
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those on the second mesh point to the left of the sonic line.
The opposite occurs in the corrector level. Since there are
large gradients near the cross-flow sonic lines, the errors
introduced by this asymmetry are quite large. The problem
was overcome by switching the order of differentiation for the
X derivatives at the midgrid point in the X direction in both
the. predictor and corrector levels. Perfectly symmetrical
flowfield results were then obtained for symmetrical con-
figurations, as shown in Fig. 3.

Results and Discussion

Results from several numerical calculations are presented to
assess the effects of various geometrical asymmetries and of
the radius of curvature of the corner. All calculations were
made with 60 mesh points along the body and 20 mesh points
between body and shock. For most cases, 500 time steps were
required to reach a steady state, needing approximately 300
CPU seconds on a CDC Cyber-175 computer. :

The * symmetrical configuration shown in Fig. 3,
corresponding to 6,=6,=10 deg, A,=A,=0 deg, and
r,=0.05, is taken as the baseline configuration. Symmetrical
departures from this configuration were presented in Ref. 3.
For most cases discussed, plots of the cross-flow streamlines
and isobar contours, similar to those in Fig. 3, will be
presented. . :

The cross-flow streamline trajectories were obtained by
integrating Eq. (1), from the shock to the body, in the
computational plane using the equivalent of a second-order
Runge-Kutta method. The results were then mapped back to
the physical plane. The cross-flow streamlines wet the body
surface only at saddle and nodal points, and these are labeled
with an S and an N, respectively. The typical vortical layer
associated with these conical flows is clearly visible on the
plots.

Leading-Edge Effect

Sweeping the leading edge back has a minor effect on the
flowfield structure. Figure 4 shows the computed flowfield
after sweeping the leading edge of the 8, wedge back 30 deg
(A; = —30 deg). As shown in the figure, the locations of the
stagnation points are not very different from those of the
symmetrical case, Fig. 3. Sweeping the leading edges forward
has a more significant effect. For the symmetrical con-

Fig. 3 Symmetrical baseline configuration; 6, ,=10 deg, A, ,=0
deg, ry=0.05, M, =3. Cross-flow streamlines on the left and
corresponding isobar pattern on the right.

Fig. 4 Effect of leading-edge sweep-back; 3, , =10 deg, A, = —30

deg, A, =0deg, r,=0.05, M, =3.
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figuration, if the leading edges are swept forward, a cross-
flow shock forms outboard of the cross-flow sonic line. For
the asymmetrical configuration with only one leading edge
swept forward, the cross-flow shock is not required, since the
three-dimensional streamlines do not have to turn parallel to a
symmetry plane. As shown in Fig. 5, with the leading edge of
the 8, wedge swept forward 20 deg, the saddle point moves
toward the nodal point on the 8, wedge, which results in more
flow spilling over the corner toward the other node. If the
leading-edge sweep is increased to 30 deg, as in Fig. 6, the
saddle point and the nodal point on the §, wedge disappear,
leaving behind only the nodal point on the &, wedge. All the
cross flow from the §; wedge now spilis over the corner. A
plot of R as a function of A, (Fig. 7) shows that the bifur-
cation value of A; (that value at which the flow structure
changes from three singular points to one) occurs at about 23
deg for this configuration. At this critical value of A,, the
saddle and node points come together, forming a higher-order
singularity. For swept-back leading edges the values of R for
the two nodes are so close that they appear as a single line in
Fig. 7. . :

The effect of the leading edge can be understood by noting
that both types of sweeps produce the same pressure levels at

Fig. 5 Effect of leading-edge sweep-forward; 4, , =10 deg, A, =20
deg, A, =0deg,r,=0.05,M_ =3.

Fig. 6 Effect of leading-edge sweep-forward; &, , =10 deg, A; =30
deg, A, =0 deg, r, =0.05, M, =3.

NODE | SADDLE

Fig. 7 Behavior of the singular points with leading-edge sweep.
Bifurcation occurs at about A; =23 deg.
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the cross-flow sonic line, since the effect is related to the
cos(A;,). Turning the leading edge back turns the three-
dimensional streamline away from the corner, whereas
forward sweep turns the three-dimensional streamline toward
the corner, increasing the likelihood of cross-flow spillover.

Compression-Angle Effect

To investigate the compression-angle effect, we will start
from the case shown in Fig. 4: this is the base configuration
with the 8, leading edge swept back 30 deg. A decrease of 1
deg in the &, angle produces the results shown in Fig. 8. The
flow is spilling from wedge 8, to wedge 6,, and the node on
wedge 8, and the saddle point are practically on top of each
other. If the compression angle is decreased by one more
degree (Fig. 9), the saddle and nodal points on wedge 6,
disappear and all the cross flow now converges on the nodal
point on wedge §,. An increase in the compression angle §, (to
16 deg) has, as expected, the opposite effect, as shown in Fig.
10. The saddle point now moves toward the node on wedge 6,,
as shown in the figure. A plot of the cross-flow velocity on the
surface (assumed positive from left to right) in Fig. 11 clearly
shows what is happening as 6, is changing. The basic shape of
cross-flow distribution allows for three roots when g=0; as 6,
is changed, the curve is displaced up or down, making two of
the roots imaginary for values of 6, outside the two bifur-
cation values. The behavior on the §,R plane is shown in Fig.
12 by the curve with corner radius equal to 0.05. The bifur-
cation values occur at 67 ~9 deg and 6;*~14.2 deg. The
difference 67* — 6% is a measure of the compression needed to
have the flow spill from one wedge surface to the other. For
values of 8, greater than 16 deg and smaller than 8 deg, the
value of R approaches R=0. The fact that there are no

Fig. 8 Effect of compression angle; 6,=9 deg, A, = —30 deg,
8, =10deg, A, =0deg, r,=0.05, M =3.

Fig. 9 Effect of compression angle; 6, =8 deg, A; = —30 deg,
5, =10deg, A, =0 deg, r; =0.05, M =3.

Fig. 10 Effect of compression angle; 6, =16 deg, A; = —30 deg,
6, =10deg, A, =0 deg, r, =0.05, M =3.
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solutions for R<O0 is a result of the nonexistence of focal
points.

Corner-Radius Effect

In Ref. 3 it was shown that, as the corner radius was in-
creased on a symmetrical configuration, the node-saddle-node
structure was replaced with the single-node structure. For
asymmetrical configurations, it is evident from Fig. 12 that,
as the corner radius increases, the amount of compression
67* — 67 needed for the flow to spill from one wedge to the
other decreases. The bifurcation value r} occurs at about 0.11;
for values of r, greater than this value, only a single nodal
point is observed. The flowfield shown in Fig. 13 for the
configuration 6, = 10.5 deg and r,=0.1 is near critical values
of both 6, and r,. With a slight perturbation of these
parameters, the flowfield changes character, as shown in Fig.
14 for r,=0.12. The effect of increasing the corner radius on
the cross-flow velocity on the body surface can be seen by
comparing Figs. 15 and 16. It is speculated that, for a con-
figuration with simultaneous bifurcation values of r, and 6,
the cross-flow velocity on the surface will vanish within a
region of the rounded corner. The resulting flowfield will then

= 0.05

ot
L3k
ab
-5k
-6

0

Fig. 11 Effect of compression angle on surface cross-flow velocity.
The possibility for three real roots at ¢ =0 is evident from the figure.

Fig. 12 Behavior of the singular points with compression angle and
corner radius.
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Fig. 13 Flowfield structure near bifurcation values of 6, and r,;
5,=10.5 deg, A;=-30 deg, 6,=10 deg, A, =0 deg, r;=0.10,
M, =3.

|

Fig. 14 Flowfield structure near bifurcation values of &, and rg;
6,=10.5 deg, A;=—30 deg, 6,=10 deg, A, =0 deg, r,=0.12,
M, =3.

- i

r. =010

-3
=
-5k
-6

0

Fig. 15 Effect of compression angle and corner radius on surface
cross-flow velocity; r, =0.10.

be similar to the degenerate case of a circular cone at zero
incidence (see Fig. S of Ref. 5).

Sharp Corner

For sharp corners, with a stagnation point on the corner,
the pressure behaves like!

p~x41r/<l>~2 (35)

where x is the angular distance from the corner. For external
angles @ greater than 240 deg, dp/dx is infinite at the corner
and the stagnation point is a saddle point. The value of R in
this case goes to + oo, If the configuration is made asym-
metrical, the saddle point moves from the corner toward the
nodal point with the highest pressure level; at the corner the
flow then spills toward the other nodal point. The amount of
compression 67 * — 67 for the saddle point to move from one
nodal point to the other increases as r,—0 (dashed line in Fig.
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A r, =012

Fig. 16 Effect of compression angle and corner radius on surface
cross-flow velocity; 7, =0.12. Note how flat g becomes at §, =10.5
deg.

) ‘\,, .
Fig. 17 Effect of sharp corner on flow structure; 6, =8 deg, A, =
—30 deg, 6, =10 deg, A, =0 deg, r, =0, M_, =3.

12), so the effect of a sharp corner is to retard the appearance
of the single-node structure. It seems that, to within the ac-
curacy of the calculations, the saddle point tolerates a small
amount of asymmetry in the flow before moving from the
corner; this is in agreement with the observations of Ref. 2.
The values of R for the saddle-point singularity off the
corner, for the cases tested, were an order of magnitude
greater than the scale used in Fig. 12; thus they do not show in
the figure.

It was shown in Ref. 1 that, once the flow spills over the
sharp corner, the cross flow becomes sonic at the corner and
then undergoes a conical Prandtl-Meyer expansion, with the
possibility of a recompression cross-flow shock occurring at
the corner. In the early phases of the present study, the corner
point was treated as a special point where the conical Prandtl-
Meyer expansion fan was enforced as a boundary condition.
For all cases tested with this provision, we found that the
supersonic cross flow was immediately recompressed, con-
fining the supersonic cross flow to the corner point. Since the
gradients that develop at the corner when the Prandtl-Meyer
fan is enforced are severe and a very fine grid is needed to
prevent wiggles from forming, this boundary condition was
removed. The resulting flowfield for a sharp-corner case with
streamline pattern near the transition from the triple-
stagnation-point structure to the single-stagnation-point
structure is shown in Fig. 17.

Conclusions

The effects of various parameters on the flowfield of ex-
ternal, axial, conical corners have been investigated. The
effect of sweeping the leading edges forward is to produce
spilling over the corner from the high-pressure wedge to the
low-pressure wedge. Sweeping the leading edges back has only
a minor effect on the flow. Increasing the compression angle
of one wedge relative to the other increases the spillage from
the high-pressure side to the low-pressure side. Finally, the
effect of increasing the corner radius of curvature is to
facilitate the transition from the triple-stagnation-point
structure to the single-stagnation-point structure.
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